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THE SELF-LINKING NUMBER OF A CLOSED CURVE IN W 

A. MONTESINOS AMILIBIA AND J.J. NUNO BALLESTEROS 

Abstract. We introduce the self-linking number of a smooth closed curve a : S 1 — ► 
R™ with respect to a 3-dimensional vector bundle over the curve, provided that some 
regularity conditions are satisfied. When n — 3, this construction gives the classical 
self-linking number of a closed embedded curve with non- vanishing curvature ||. We 
also look at some interesting particular cases, which correspond to the osculating or the 
orthogonal vector bundle of the curve. 

(N 

r^ 1 ; 1. Introduction 

It is well known that two closed embedded curves a, (3 : S 1 — > M 3 are equivalent as knots 
if and only if there is a continuous map H : S 1 x [0, 1] — > M 3 such that for any u G [0, 1], 
the curve H u : S l — > R 3 given by H u {t) = H(t, u) is an embedding and H = a, Hi = (5 
(such a map H is said to be an isotopy between a, f3). For instance, if we look at the two 
curves shown in Figure [I], it follows that they are equivalent as knots (in fact, they are 
equivalent to the trivial knot). 
> 

in 

o 

\D 
O 
<3\ 
0\ 



d 



X 





Figure 1. 



However, suppose that we construct these two curves so that they are of class C 3 and 
have non- vanishing curvature at each point. Then, it is not difficult to see that it is not 
possible to have an isotopy H such that for any u G [0, 1], H u has the same property (such 
a map will be called a non- degenerate isotopy). This is due to the fact that these two 
curves have different self-linking number. This number was introduced by Calugareanu 
|jlj] and studied with more detail by Pohl |J. It can be seen as the linking number between 
the given curve and a curve obtained by slightly pushing the curve along the principal 
normal. Moreover, it is possible to compute the self-linking number by means of the 
following integral formula: 

= 1 r det(q(.) -a W ,a-(.),q'(t)) 1 f 

' 47rJ slxS , ||o(s)-a(S)|| 3 2irJ sl 



where r is the torsion of a. Recently, Gluck and Pan have shown that there is a non- 
degenerate isotopy between two embedded closed curves with non-vanishing curvature in 
M 3 if and only if they have the same knot type and the same self-linking number. Thus, 
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the self-linking number is the key invariant if we want to do a curvature sensitive version 
of the knot theory. 

In this paper, we propose a generalization of this invariant for the case of a closed 
smooth curve a : S l — > M. n . In our construction, we have to choose a 3-dimensional 
vector bundle over the curve, so that some regularity conditions hold between the curve 
and the vector bundle. In the last part of the paper, we analyze the osculating and the 
orthogonal self-linking number, which correspond to the cases where the vector bundle is 
the osculating or the orthogonal vector bundle of the curve, respectively. These numbers 
can be also interpreted in terms of intersection numbers of the curve with the orthogonal 
or the osculating developable hypersurface of the curve, respectively. In particular, it 
seems possible to relate them to some bitangency properties of the curve |4| . 

A different approach in generalizing the self-linking number can be found in |J, where 
it is considered a smooth map / : M — > M? n+1 from a closed orientable smooth n-manifold 
M into R 2n+1 . 

2. The linking number of two curves with respect to a vector bundle 

The linking number of two disjoint closed curves a,/3 : S l — > 1R 3 is a well known 
invariant, which is defined as the degree of the map e\ : S 1 x S l — ► S 2 given by ei(t, s) = 
(/3(s) — a(t))/\\fl(s) — ct(t)\\. In this section, we will generalize this concept for two closed 
curves in IR n , by using a vector bundle over one of them. 

Let v : E — ► S l be a smooth 3-dimensional oriented vector subbundle of the trivial 
vector bundle S 1 x IR n — > S 1 . Given t e 5 1 , we will denote the fiber by u t , which is a 3- 
dimensional vector subspace of M. n . Moreover, we will put n* : M. n — > v t and ot '■ M n — > v^r 
for the orthogonal projections, where v^ is the orthogonal subspace to v t . Using these 
projections, we define the covariant derivative of a section h : S 1 — > M™ of v by 

{Dh)(t) = n t (ti(t)) = ti(t)-o t (ti(t)) ) 

and we will say that h is parallel if Dh = 0. 

Now, if we fix a parameterization of 5* 1 in the interval [0,£], we can solve the equations of 
parallel transport and consider {pi(t) , p 2 (t) , p 3 (t)} , a parallel oriented ortho normal frame 
of u t , for t G [0, £] (so that in general Pi(0) can be distinct from Pi(£)). This frame allows 
us to define the linear map c% : W 1 — > M. 3 by 

c t (x) = ((x,pi(t)), (x,p 2 (t)), (x,p 3 (t))), 

so that the restriction of q to v t is an oriented isometry. 

Given h : 5* 1 — > ~R n any smooth map, it will be useful to know about the derivative of 
c t h(t). Let {ui} 3 =1 denote the canonical basis of 1R 3 . Then, 

3 3 

(c t h(t)y = Y,(Ht)Mt))'u t = J2((h'(t), Pt (t)} + (h(t)Mt)))ut 

3 

= ct h\t) + ^2(h(t), otp'^t)) c tPi (t) = c t (ti(t) + A t hit)), 

i=\ 

where A t : R" — ► v t is the linear map given by 

3 

i=l 
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It is not difficult to see that A t does not depend on the chosen orthonormal frame Pi(t), 
parallel or not. 

Definition 2.1. Let a, (3 : S 1 — > R n be two smooth closed curves in R n and suppose that 
P(s) - a(t) i uf for any (t, s) G S 1 x S 1 . We define the map e t : [0, £] x S 1 ^ S 2 by 

c t (P(s) - a(t)) 
6l[t > S) \\cMs)-a(t))\\' 
Note that the imposed condition on the curves implies that c t (P(s) — a(t)) ^ and thus, 
ei is well defined. 

Lemma 2.2. Let Q 2 be the standard volume form on S 2 . Then e\VL 2 does not depend on 
the frame Pi(t) and it defines a closed smooth 2- form on S l x S 1 . 

Proof. To abreviate, we denote S(t, s) = (3(s) — a(t). Then, 

_ det(c t 5(t, s), d t c t 5(t, s), d s c t 5(t, s)) 

^ ~ MMf dt A " s ' 

where dt and d s denote the partial derivatives with respect to t and s respectively. But, 
according to the above computation, d t c t S(t, s) = c t (—a'(t) +A t 5(t, s)) and d s Ct S(t, s) = 
c t P'(s). Therefore, 

det(Q 6{t, s), ctj-a'jt) + A t 6{t, s)), c t (3'{s)) 

e x \l 2 — 7, jT- — rrp; at A ds 

\\c t 5{t,s)\\ s 
det(n t 5(t, s),n t (-a'(t) + A t 6(t, s)),n t (3'(s)) 

= K^^P dt A " s ' 

where the last determinant has to be considered with respect to any oriented orthonormal 
frame of v t . D 

Definition 2.3. Let a, (3 : S 1 — > W n be two smooth closed curves in R n and suppose that 
(3(s) — a(t) $. v^- for any (t, s) G S 1 x S 1 . We define its linking number with respect to v 
as 



L v (a,/3) = -^- [ e\n 2 . 



It follows from this definition that if v t is constant, then L u (a,/3) coincides with the 
classical linking number of the projected curves, L{c± ° oe,Ct o (3). In particular, when 
n = 3, we have that L u (a,j3) = L(a,/3), because then v is the trivial bundle. 

Lemma 2.4. Let a,/3,u be as in Definition |£. j| . Then, there is (3 : D 2 — > R" extension 
of P, such that (3(z) — a(t) ^ v^ except for a finite number of pairs (t, z) G S 1 x D 2 . 

Proof. Let /3\ : D 2 — > M™ be an arbitrary extension of /3. Then the map F : S 1 x D 2 xl" — > 
S 1 xD 2 xl" given by F(t, z,x) = (t, z, f3\(z) — a(t)+x) is a diffeomorphism. In particular, 
it is transverse to the submanifold W = {(t, z,x) : x G v^ }. By the Transversality 
Theorem, it follows that for almost any x G M n , the map F x : S 1 x D 2 — > S 1 x D 2 x R™ 
given by F x (t,z) = F(t,z,x) is also transverse to W. Since W has codimension 3, this 
implies that F~ 1 (LL / ) is finite. 

To construct the required extension $, we piece together Pi near S 1 and Pi + x on the 
interior as follows. Let e, 5 be such that < 5 < e < 1. Let g e> $ : D 2 — > [0,1] be a 
smooth function such that g e ,s( z ) = 1 if Ik 1 1 < ^ and g e ,s{z) =0ife<||z||<l and let 
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Pe,s,x(z) = /3i(z) + g e j{z)x. We claim that there are e, 5 as above and R > such that for 
any x G M n with ||x|| < R, 

Pe,s,*( z ) ~ «(*) e ^ =► /M*) + x - a (t) e ^"- 
Suppose that the claim is not true. Then, if for each n > 2 we consider e = 1 — 1/n, 
5=1 — 2/n and R = 1/n, there are t n G 5 1 , 2 n G -D 2 and x n G 1R™ with ||:r n || < 1/n such 
that 

A On) + ^OrJ^n ~ Cn(t n ) G I/£ , but Pl(z n ) + X n - Ot(t n ) <£ */£. 

Thus g e ,s(z n ) 7^ 1 so that \\z n \\ > 1 — 2/n. By taking subsequences if necessary, we can 
suppose that t n — > to G S 1 and z n — > So G if? 1 . Thus, we arrive to /3(so) — a (to) G z/^, in 
contradiction with the hypothesis. Now, we can choose /3 = f3 e ,s,x, where x is any one of 
the points with ||x|| < R for which F~ l (W) is finite. □ 



Proposition 2.5. Let a,(3,u be as in Definition \2.Q . Then, L u (a,(3) G Z. 

Proof. Let ft be an extension of j3 such that /3(^) — a(t) £ v^ for any (t, zJGS'xDK P, 
being P = {(ti, zi), . . . , (tjv 5 £at)}- Then we can extend e\ to e\ : [0,!]xD 2 \P^ S" 2 by 
putting 

g = c f (/3(z) - a(t)) 

\\ct{fi(z) -a(t)) \( 
As in Lemma |2.2| , it follows that e*f^2 defines a smooth 2-form on S 1 x P 2 \ P. Moreover, 



= / e\n 2 + J2 g i fl 



since fi 2 is closed on S 2 , de\Vt 2 = and by Stokes Theorem, 

N 

where P; denotes a small ball centered at (tj, 2j) in the interior of S 1 x P 2 and such that 
Pj n Bj = if i y^ j. In particular, 

AT N 

" G 



L u {a,(3) = -—J2 e*fi 2 = -^deg(ei| 9Bi 



being deg(ei|asj the degree of the map eila^. D 

An immediate consequence of this, together with the fact that L u (a,/3) depends con- 
tinuously on a, (3, v (when we consider the corresponding C°° Whitney topologies), is that 
L v (a,j3) is invariant under homotopies of the curves and the vector bundle. 

Corollary 2.6. Pet a u ,(3 u : S 1 — > 1R™ be 1-parameter families of curves and let v u : 
E u — > S 1 be a 1-parameter family of vector bundles, all of them depending smoothly on 
the parameter u G [0, 1] and such that a u ,(3 u ,v u satisfy the condition of Definition \2.% 
for any u G [0, 1]. Then, L Uu (a u , f3 u ) is constant on u. 

In the last part of this section, we give a characterization of the linking number that 
will be used in the next section. Let a, (3, v be as in Definition |2.3| and suppose that there 
is a vector field /x : S 1 — > W 1 such that u(t) <£ v^ , for any t G if? 1 . Let {/j(t)}™ =4 be an 
orthonormal oriented frame of v^ , that is, the basis (pi(t) , p 2 (t) , p 3 (t) , / 4 (t), . . . , f n (t) has 
the same orientation as the canonical basis of R n . We can define the map x '■ S l x M. x 
W 1 - 3 -> W 1 by 

n 

x(t, A, x A , . . . , x n ) = a(t) + A/i(t) + ^2 x ifi(t)- 

i=4 
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Proposition 2.7. Suppose that (3 meets the map x transversely at a finite number of 
points and let 

Pi = P( Si ) e a(U) + XiniU) + 1/£, i = l,...,N. 
be those points. Then, 

1 N 
L u (a, P) = 2^2 s S n (\W, X\ p i), 
i=i 
where i(/3, x~, Pi) denotes the intersection number of (3 and x at P% and sgn(Aj) is the sign 
of\i. 

Proof. Let S° = [0,£] x S* 1 \ {(ti, s±), . . . , (ijv, sn)}- For any (t, s) G S* , we have that 
Ct S(t, s) x Ct/i(t) 7^ 0, where S(t, s) = f3(s) — a(t). Thus, we can define 

_ c t 5(t,s) x c t fx(t) 
63[ ,Sj " \\c t 5(t,s)xc tf i(t)\\ 

and e 2 (t, s) = e 3 (£, s) x ei(t, s), so that {ei(t, s)} 3 =1 is a right-handed orthonormal frame 
ofR 3 . 

Now, we can consider the 1-forms on S* defined by Uij = (dei, ef), for any i,j = 1, 2, 3. 
Since (e^, ef) = S^, by taking differentials we see that u>ij = —lo^. Moreover, we have that 

e{Q 2 = det(ei, d t ei, d s e\)dt A ds 

= (u} 12 (d t )u 13 (d s ) - uj 12 (d s )uj 13 (d t ))dt A ds 

= UJ 12 AU>13- 

But from the fact that ddei = 0, we deduce that 

3 

= (ddei, ef) = duij - ^ u ik A uj kj . 

fc=i 

In particular, du 32 = uo\ 2 A u\ 3 = e\Vt 2 and it is not difficult to see that u 32 defines a 
1-form on S 1 x 5 1 \ {(ti, Si), . . . , (ijv, sn)}- This gives, by Stokes Theorem, that 

If 1 N 

L u (a,f3) = — e \Q, 2 = — limV] / w 32 , 



— lim > / 



where D e (ti, Sj) denotes the disk centered at (t«, s«) of radius e > in S* 1 x S 1 . To conclude 
the proof, we just have to show that for any i — 1, . . . , N, 



— lim / u 32 = sgn(Ai)i(/3, x; ^)- 



2lT e^0 JdDi{USi) 

On one hand, if we put m(t, s) = Ct S(t, s) x ct fx{t) , it is easy to see that the left hand side 
is equal to ±1, in accordance with the sign of D = det(d t m(ti, si), d s m(ti, Si), c ti 5(ti, s«)). 
If we compute this, we get 

c ti 5(ti, s^ = XiC U ^(ti) 

d s m(t h s^ = c u P'(si) x ct-fifc) 

d t m(ti, s^ = c u {-u'{ti) - Xifi'iU) + A t .(S(ti, Si) - Ai/i(ti))) x c u fi(ti), 

and using the isometry between u t and IR 3 , 
D = Ai||n ti /i(ti)|| 2 det(n ti /3 / (si),n ti (a'(ti) +\ i n'(t i ) - A t .(8(ti, «») - KKk))) , n ti n(ti)) . 
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On the other hand, if we suppose that f3{si) = x(^i> Aj, x*) for x l G M n_3 , we have that 
i(P, Xi Pi) is equal to ±1 depending on the sign of 

E = det(/?'(s;), dtx{U, Xi, x l ), d x x{U, X { , x l ), d X4 x{U, \, x 1 ),..., d Xn x{U, Xi, x 1 )). 

Now, 

d t x{U, X h x { ) = a'{U) + ^(U) + Yl xtf'jfa)' 

i=4 

d x x(ti, X h x l ) = fjtfc), 
d Xj x(U, X u x % ) = f){ti), 
and thus, 

n 

E = det{n u {3\ Si ),n u {a\ti) + A^) + Yx)f' ] {t i )),n t ^{U)). 

i=4 

Finally, note that 

n 

^y^^i/jftO = -c tl A u {5{ti, s^ - Xijj,(ti)), 

J=4 

which implies the desired result. □ 

3. The self-linking number of a curve with respect to a vector bundle 

We shall define here the self-linking number of a smooth curve a : S 1 — > M. n with 
respect to a vector bundle v, as the linking number of a and a, where a : S 1 —>■ R n is 
close enough to a and so that the conditions of Definition |2^ are satisfied. To ensure 
that there exists such a curve a, we need to assume that a(s) — a(t) ^ v^ , for s ^ t. 
Moreover, we also have to put some regularity conditions between the curve and the fiber 
bundle on the diagonal s = t. 

Throughout this section, we will suppose that a : S 1 — > 1R™ be a smooth closed curve in 
W 1 and that v is a smooth 3-dimensional oriented vector subbundle of the trivial vector 
bundle, as in Section 0. 

Lemma 3.1. Suppose that a, v satisfy the following conditions: 

1. For any s ^ t, a(s) — a(t) <£ v^ . 

2. There exists 1 < k < n — 2 such that for any t G S 1 , 

(a) a'(t), . . . , a( fc+1 )(£) are linearly independent; 

(b) a'{t),...,a^{t)evt; 

(c) (««(£)> ©(a( fc+1 )(£)>©^. 

Then, there is 5q > such that a(s) — ots(t) ^ v^ , for any < 5 < 5q and for any 
(t, s) G S 1 x S 1 , where a 5 (t) = a(t) + 5a {k \t). 

Proof. Suppose that this is not true. Then, for each m > 1, there are 8 m < l/m and pairs 
(t m , s m ) E S 1 x S 1 such that a(s m ) — a(t m ) — 5 m a^ k \t m ) G v^ m . By taking subsequences 
if necessary, we can suppose that s m — > so G S 1 and t m — > to. If so ^ to, we arrive to 
a(so) —a (to) G v^, in contradiction with condition 1. Otherwise, let so = t . If we denote 
by {/i(t)}it=4 a frame for i/j , we have for any m > 1, 

(a(s m ) - a(t m )) A a {k) (t m ) A / 4 (t m ) A • ■ ■ A / n (t m ) = 0. 
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Since 



fc+1 y(j)( 



a(s m ) = a{t m ) + J2 T^itm ~ U J + O {(s m - t m ) k+2 ) , 

3=1 3 ' 

we have after substitution and division by (s m — t m ) k+1 , 

a {k+l \t m ) A a {k \t m ) A U(t m ) A ■ • • A f n (t m ) + O (s m - t m ) = 0. 
This would imply that 

a^ k+1 \t ) A a< fc >(t„) A U(t ) A • • • A f n (t ) = 0, 
in contradiction with condition 2.(c). 



D 



Remark 3.2. When n — 3, necessarily k = 1 and v^ = {0}. Thus, conditions 1 and 2 of 



Lema |3Tl| just say that a is embedded and that a'(t),a"(t) are linearly independent, for 
any t <E S 1 . 



Definition 3.3. Suppose that a, v satisfy conditions 1 and 2 of Lemma qA^ and consider 
ots(t) = a(t) + 5a^ k \t). The self-linking number of a with respect to v is defined as 

SLJa) = lim L„(ax, a). 

5^0 



Note that since the linking number is invariant under homotopies, Lemma [O 
that L v (as, a) does not depend on 5, if 5 is small enough. 



ensures 




Figure 2. 

We would like now to obtain an integral expression for the self-linking number analogous 
to the integral expression which defines the linking number of two curves. The first step 
should be to define the map e\. Let S be the following subset of R 2 (see Figure 2) : 

S = {(t, s) e M 2 : < t < £, t<s<t + £}. 

We define the map e\ : S — > S 2 as follows: 

Ct(a(s) - a(t)) 



ei(t,s) 



c t (a(s) — a 



c t a (k Kt) 
\c t a( k )(t)\\ 



:-i) 



k CtaWjt) 

|| Ci aW(t)|| 



if t < s < t + e, 



if s = t, 



if s = t + 
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Note that e\ is well defined when a satisfies conditions 1 and 2 of Lemma |3.1| . Moreover, 
by taking a Taylor expansion in a neighbourhood of (t, t) or (t, t+£), it is easy to see that 
ei is smooth. 

3.1. The case k even. If k is even, the map e\ can be considered as a map from [0, £] x S 1 
to S 2 . Moreover, e\Vt 2 defines a closed 2-form on S 1 x S 1 , which is the limit when 8 — > 
of the closed 2-form associated to the pair (as, a) in the definition of the linking number. 
This gives the following result. 



Proposition 3.4. Suppose that a, v satisfy conditions 1 and 2 of Lemma \3. 1\ for k even. 
Then, 

SL v (a) = -*- / elQ 2 . 

3.2. The case k odd. This case is more complicated. Let S° denote the open subset of 
S given by the pairs (t, s) such that t < s < t + £ and c t (a(s) — a(t)) x c t a^(t) ^ 0. 
Then we can complete e± on S° in order to get a frame of M. 3 as we did in the proof of 
Proposition pT7| . If t < s < t + £, we define 

_ c t (a(s) - a(t)) x c t a (fc) (t) 
e 3 {t, s) 



\\c t (a(s) -a(t)) x c t a( fc )( 

Moreover, it is possible to extend e% smoothly to the boundaries s = t and s — t + £. In 
fact, by taking a Taylor expansion in a neighbourhood of (t, t) or (t, t + £), we get that 

, ^ ^ c t a {k+1 \t) xc t a^(t) 

e 3 (M) =e 3 (M + £) = llcta(k+1){t)xcta{k)m 

We define e 2 in the obvious way, e 2 (t, s) = e^it, s) x ei(t, s). Finally, we define the 1-forms 
Uij = (dei, ef), for any i, j = 1, 2, 3. 



Proposition 3.5. Suppose that a, is satisfy conditions 1 and 2 of Lemma \3. 1\ for k odd. 
Then, 

SL u (a) = — [ e{Q 2 -—[(f), 

47r J5ix5i 27T J 5 i 

where 4>(t) = u^ 2 {t,t). 

Proof. Let {fi(t)}™ =4 be an orthonormal oriented frame of v^ and consider the map \ '■ 

S 1 x R x R"- 3 -^ R n given by 

n 

X(t, X,x 4 ,..., x n ) = a(t) + Xa {k) (t) + ^ Xjffo). 

By the Transversality Theorem, we have that for a residual subset of curves a and vec- 
tor bundles v with the corresponding C°° Whitney topologies, the curve a meets the 
hypersurface x transversely at a finite number of points: 

n 

Pi = a( Si ) = a(ti) + Xia^iti) + ^x)f j (t), z = l,...,N, 

j=4 

with Si 7^ ti and Aj ^ 0. Since SL u (a), J s i xS i e\VL 2 and f sl <f> depend continuously on a 
and v, we can suppose that a and v are generic in the above sense. 
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In particular, for S small enough, the same can be said if we consider the intersection 
of a with XS) where 

n 

Xs(t,\,x A ,...,x n ) =a 5 (t) + Act (fc) (£) +y]gj/j(t). 

Then, Proposition |2.7| gives that 

1 N 
L u (a 5 ,a) = -^2sgn(\i + S)i(a,xs;Pi), 



and taking limit when 5 — > 0, 



2 



N 



i=l 

On the other hand, note that S° = S \ {(ti,si), . . . , (ijv, sjv)}- By using the same 
argument as in the proof of Proposition |2.7| , gL>3 2 = c<Ji 2 A cji 3 = e^fi 2 . If we apply Stokes 
Theorem, 

N . 

^32, 



where D e (ti,Si) denotes the disk centered at (£j,Sj) of radius e > in S. Again we refer 



to the proof of Proposition |2.7| to claim that 



— lim / u 32 = sga(\i)i(a, x\ Pi)- 



>dD e (ti,Si) 

In particular, 

SL v {a) = — / e\Vt 2 - — \ uj 32 . 
4vr J s 4vr J ds 

To conclude the proof, we just have to compute the integral on dS. We parameterize 
dS by considering the curves: 71 (u) = (0,w), 72(1*) = («,« + ■£), 73 (w) = (£,u + £) and 
74(1*) = (u,u), for w G [0, £]. Then, we have that 

-£ 



/ u 32 = u; 32 (-7i -7 2 + 73 + 74)^. 
J as Jo 



Note that co>3 2 (0, u) = uj 32 (£, u + £) and uj 32 (u, u) = —u 32 (u, u + £) for any u G [0, £]. This 
gives that 

/ ^32 = 2 

JdS Js 1 

D 

4. The orthogonal self-linking number 

We consider here the case that the vector bundle v is equal to the orthogonal vector 
bundle of the curve. That is, u t is the 3-plane orthogonal to the subspace generated by 
the n — 3 first derivatives of the curve. 

Definition 4.1. Let a : S 1 — > R n be a closed smooth curve in MJ 1 and suppose that: 
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1. For any t E S 1 , a' '(£) , a" '(£) , . . . , cr n_1 )(i) are linearly independent. In this way, 
at each point there is a well defined Frenet frame {/i(£)}it=i and also we have the 
curvatures {/^(t)}™", 1 . The orthogonal vector bundle v is defined so that u t is the 
3-plane generated by / n _ 2 (t), fn-i{t), f n {t). 

2. For any s ^ t in 5 1 , a(s) —a(t) <£ v^. That is, the (n — 3)-osculating plane at t does 
not meet the curve at any other point. 



It follows that a, v satisfy conditions 1 and 2 of Lemma |3.1| for k = n — 2. The self-linking 
number of a with respect to the orthogonal vector bundle will be called the orthogonal 
self-linking number and will be denoted by SL- L {a). 

With respect to this orthogonal vector bundle, we have that the orthogonal projection 

n t : lR n — > v t is given by 

nt(x) = (x, f n - 2 (t)) f n - 2 (t) + (X, /„-l(t)) fn-l{t) + (X, f n {t)) f n (t). 

We also need to know about the linear map A t : M™ — ► Vt- To simplify computations, we 
will suppose that a is parameterized by arc length. Then, 

n 

AW = Ys (^°* //(*))/*(*) = -fo/n-3(*))«n-3(*)/n-2(*). 

i=n— 2 

With this we can easily compute the 2-form e\Vt 2 used in the integral formula of the 
self-linking number. But when k = n — 2 is odd, we also need to compute the 1-form 
on S 1 given by <fi(t) = u> 32 (t,t). Note that 

, . c t a (fe) (t) „ . . 

ei(t > t)= \\c t aV<)(t)\\ =Ctfn - 2it) ' 
ft A Ct^ k+1 Kt)xc t a( k \t) _ 



e 2 (t,t) = e 3 (t,t) x ei(t,t) = -c t f n -i(t) } 
u 32 {t,t) = (de 3 {t,t),e 2 (t,t)) = -K n -i{t)dt 

Thus, we have the following integral expression for the orthogonal self-linking number. 

Corollary 4.2. Let a : S 1 — ► MJ 1 be a closed smooth curve in M. n satisfying conditions 1 
and 2 of Definition \(. i| . TTien 

* n (<K*, s ) 5 fnr-a(t)) K n -z(t) det(n t S(t, s),n t a'(s), / n _ 2 (t)) 
e i"2 = n r/ ^ miq dt A ds, 

where S(t, s) = a(s) — a(t). Moreover, the orthogonal self-linking number of a is equal to 

1 

'S 1 xS 1 



( 



SLHa] 



e*f2 2 , when n is even, 

47T ./civ«l 



/ e^2 + — / K n -i(t)db, when n is odd. 



47r Js'xs 1 
Given a : S* 1 — > R n a closed smooth curve in R n satisfying conditions 1 and 2 of 



Definition |4.1| , we can consider the osculating developable hypersurface, which is the map 



THE SELF-LINKING NUMBER OF A CLOSED CURVE INI" 11 

X T : S 1 x R n - 2 -► R n defined by 

n-2 

X T (t, xi, . . . , x n _ 2 ) = a(t) + J^ x»/i(t). 

i=l 

By condition 1, this is an immersion at those points such that x n _ 2 7^ 0. Moreover, condi- 
tion 2 implies that if the curve meets this map at a point P = a(s) = x T (A x i, ■ ■ ■ 1 x n - 2 ) 
with s ^ i, then necessarily x n - 2 7^ 0. Note that the case s = t would imply that 
Xi = ■ ■ ■ = x n _ 2 = 0. 

Corollary 4.3. Suppose that a meets the map x T transversely at a finite number of non- 
diagonal points and let (ti, Si), . . . , (tjv, s^) be the pairs in S 1 x S 1 corresponding to these 
points. Then, the orthogonal self-linking number of a is equal to 

1 - 
SL ± (a) = --J2^^\s l ),f n (t i )). 

5. The osculating self-linking number 

Here, we look at the self-linking number of a curve with respect to its osculating vector 
bundle. That is, v t is the 3-plane generated by the 3 first derivatives of the curve. 

Definition 5.1. Let a : S 1 — > M. n be a closed smooth curve in IR n and suppose that: 

1. For any t G S 1 , a'(t), a"(t), a"'(t) are linearly independent. We will denote by v the 
osculating vector bundle of a, that is, v t = (a' (t) , a" (t) , a'" (t)) . 

2. For any s 7^ t in S 1 , a(s) — a(t) $. j/J-. That is, the (n — 3)-orthogonal plane at t 
does not meet the curve at any other point. 

In this case, a, v satisfy conditions 1 and 2 of Lemma |3.1| for k = 1. Thus, we define the 



osculating self-linking number, SL T (a), as the self-linking number of a with respect to 
the osculating vector bundle. 

Now, we use fi(t), f2(t), f 3 (t) for the (partial) Frenet frame of v t and Kx(t), K 2 (t) for the 
non-vanishing curvatures. Then, nj : IR n — > v t is given by 

n t (x) = (x, Mt)) f x (t) + (x, f 2 {t)) f 2 (t) + (x, f 3 (t)) f 3 {t). 

Again, we will suppose for simplicity that a is parameterized by arc length. Thus, 

3 
A t (x) = 5>,Ot#(t))/i(t) = k(t)(x,o t a^(t)}f 3 (t), 
j=i 

where k(t) = 1/ K\{t)K<2{t). 

Finally, we compute the 1-form <f>(t) = u 32 {t,t): 

, . c*a'(t) . , . 

c t a"- LU 



c t a"(t) x c t a'(t) 
e ^ t)= \\c t a»(t)xc t a>(^^ ~ Ctm > 



e 2 {t,t) = e 3 {t,t) x ei(t,t) = -c t f 2 {t), 

Vz 2 {t,t) = (de 3 (t,t),e 2 (t,t)) = -K 2 (t)dt. 

Thus, we have the following integral expression for the osculating self-linking number. 
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Corollary 5.2. Let a : S l — > IR n be a closed smooth curve in W n satisfying conditions 1 
and 2 of Definition \5. % Then 



det(n t S(t,s),n t a , (s),a'(t)-k(t)(S(t,s),o t a^(t))f i (t)) ^ 

6lil2 ~ MMf dt A ds ' 

where 8(t, s) = a(s) — a(t). Moreover, the osculating self-linking number of a is equal to 

SL T (a) = -i- / e{n 2 + -*- f K 2 (t)dt. 
4n J s i xS i 2ir J s i 

Finally, we can compute the osculating self-linking number by looking at the intersection 
of the curve with its orthogonal developable. Let {/•/(£) }j =4 be any orthonormal oriented 
frame that trivializes v^ . We consider the orthogonal developable hypersurface, which is 
the map x ± ■ S 1 x M n ~ 2 -» R n defined by 

X ± (t,x 3 ,...,x n ) = a{t) + s ^Xif i {t). 

i=3 



Since in this case k = 1, we have by Definition |3.3| that SL (a) = lim^o L v {pt + Sfi, a). 
But it is not difficult to see that we obtain the same number if we change /i by f 2 or / 3 . 
Thus, we have the following immediate consequence of Proposition |2]7], for fi(t) = fs(t). 

Corollary 5.3. Let a : S l — > IR n be a closed smooth curve in W n satisfying conditions 1 
and 2 of Definition \5. 1\. Suppose that a meets the map x^ transversely at a finite number 



of non-diagonal points and let 

n 

Pi = a(si) = afa) +^2x)fj(ti), i = l,...,N 

3=3 

be those points. Then, the osculating self-linking number of a is equal to 

1 - 
SL T (a) = -J2sgn(x i Ma, X ± ;P l ). 

i=l 

6. The examples 

In this last section, we will give some examples which show that when n > 3, the 
orthogonal and the osculating self-linking numbers are not trivial and are independent. 
All the examples are in M 4 and the computations have been done with Mathematica ||. 
We compute the intersection of the curve with x T or X X an d the corresponding indices. 
Moreover, we also compute the integral value of SL 1 - or SL T in order to ratify the results. 



Example 6.1. Let a : S 1 — > M 4 be the curve given by 

a (t) = (cos(A + t) + sin 2 (t),cos(A + 2t),cos(t), 



27 
It follows that for A = 1 and A = 1.3, the curve a satisfies conditions 1 and 2 of Definition 



4.1 and Definition 5.1 



When A = 1, a meets x ± transversely at four points with indices 1, 1, 1, —1. In fact, 
we compute numerically the integral of Corollary |4.2| and obtain that SL T (a) = 1. If we 
look now at the intersection with x T , there are just two points of transverse intersection, 
both with index 1. In this case, the integral formula of Corollary |5.2| gives 5 , L ± (a) = 1. 
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When A = 1.3, the intersection with x ± gives again four points with indices 1, 1, 1, —1 
and the numerical value of the integral formula is SL T (a) = 1. However, although there 
are two points of transverse intersection with x T , this time the indices are 1,-1 and the 
integral formula gives in this case SL (a) = 0. 



Example 6.2. We consider now a different family of curves in 



P'i. 



, .. Asm(2t) -A 3 cos(2t) ,, , sin(5t) A 2 sin(3t) 
n(-/)= [-cos(A + t) + ^, -±^ + s in(A + t),-^, ^^ 



For A = 1.6, a satisfies conditions 1 and 2 of Definition |4.1| and Definition |5.1| . The 
intersection with x ± is equal to six points, all of them having index 1, and the numerical 
computation of the integral formula gives SL T (a) = 3. The intersection with \ T is a l so 
equal to six points, but in this case two of them have index 1 and the other four —1. The 
integral formula gives SL L (a) = — 1. 
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